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The sticky electrolyte mode for a weak unsymmetrical electrolyte is solved in the mean
spherical approximation (MSA) when there are adhesive interactions between oppositely
charged ions. The distribution functions at contact and the thermodynamic properties in this
approximation are derived; the solutions reduce to those of corresponding symmetrical
adhesive electrolyte studied by Rasaiah and Lee [J. Chem. Phys. 83, 6396 (1985)] when the
sizes of the ions and the magnitudes of the charges are made the same and to those of
adhesive nonelectrolytes when the charges are removed. When the stickiness is turned off the
solutions of the primitive model electrolyte in the MSA are recovered.

. INTRODUCTION

The sticky electrolyte model (SEM) has been studied
by us in a series of papers.'™ In this model for weak elec-
trolytes, ion association is introduced in the Hamiltonian
through a delta function interaction between oppositely
charged ions at a L distancz which is less than the sum of
the radii of the ions. All of our studies so far have been
confined to symmetrical electrolytes in which the ions have
the same charge magnitudes and their sizes are the same.
The Ornstein—~Zernike equations were solved analytically
in the mean spherical approximation (MSA) and numer-
ically in the hypernetted chain (HNC) approximation for
different values of L. The solvent effect in this model has
also been investigated®®>®). when it was found that a hard
sphere solvent has a strong packing effect on association
while a dipolar solvent has both a packing effect due to the
hard cores and a screening effect attributed to the dipoles.
When L < o/2, where o is the hard core diameter, the
hard core repulsion between ions of the same sign ensures
that polymerization is sterically inhibited so that the only
associated species present are expected to be dimers. By
adjusting the coefficient of the delta function interaction it
is possible to ensure that all of the ions are paired; then the
theory already developed for weak electrolytes can be ap-
plied to these dimers, which are extended dipoles, as well.
In particular the analytic solutions for the energy of these
dipolar fluids in the mean spherical approximation have
obtained for L = o/n with n = 2,3,4 and 5.

In this paper we begin the study of sticky electrolytes
in which the sizes of the associating ions may be different
and the magnitudes of the charges on them are not neces-
sarily the same. This is a more realistic model for weak
electrolytes but the mathematical developmert is more
complicated than it is for symmetrical sticky electrolytes.
We begin our discussion in general terms with the bonding
distance L < R; + R, where R;and R jare ionic radii, but
our detailed analysis is confined only to adhesion between
oppositely charged ions. This is similar to the model first
introduced by Baxter’®® and studied by Barboy and
Tenne’® for a mixture of adhesive hard spheres of un-
equal size; the difference lies in the presence of charges on
the spheres and the allowance for adhesion only between
unlike ions. The special case of adhesion between oppo-
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sitely charged ions of the same size has already been stud-
ied by us*® in the MSA and the results for the more general
case presented here reduce to those found earlier in the
limit of equal ion sizes. The extension of our studies to
mixtures of charged ions, aside from its immediate rele-
vance to the aggregation of charged particles and colloids,
also provides the means to investigate the properties of the
double layer at charged surfaces when preferential adsorp-
tion or adhesion of one or more ions plays an important
role.® This may be realized by taking the “wall limit” of
our model in which the density of one species (the aspiring
electrode or charged surface) is allowed to tend to zero
while its radius becomes infinitely large.

Our system consists of at least two kinds of ions of
opposite charge; ion / has density p; diameter o; and
charge ze, where z; is the valence and e is the magnitude of
the electronic charge. Throughout this paper, we also use
subscripts 1 or 2 to denote the two species of a single
electrolyte. Electroneutrality implies that

(L.1)

In the SEM, the interaction energy between / and j is given
as the sum of two terms:

2;pz;=0.

uy(r) =_ug-(r) + ug-(r), (1.2a)
with

ug-(r)=oo, r<oy, (1.2b)

= — z,-zjez/er, r> oy (1.2¢)

uf?j(r)= —e(l—6y), L+8<r<L—6. (1.2d)

In Eq. (1.2a), u%(r) is the pair potential of the reference
system in which there is no adhesion or “chemical bond-
ing” and € is the dielectric constant of the solvent medium.
The second term ug-(r) introduces bonding (or adhesion)
between ions with binding energy — ¢, at a distance L
< oywhereo; = (0; + 0;)/2isthecontactdistance between
two ion centers. The Kronecker delta §; in this expression
allows bonding to occur only between oppositely charged
ions.’

The Mayer ffunction for the interactions between the
ions is given by
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Si(r)=—=148L(1 =8;)8(r—L)/12, O<r<oy
(1.3a)

(1.3b)

where § is the sticking coefficient which is the inverse of the
parameter 7 introduced by Baxter’® i
adhesive hard spheres, 8 = 1/kpT, kp is Boltzman con-
stant and 7 is the absolute temperature. Combining (1.3a)
and (1.2d), we have

exp[Be (1 — ;) |=CL(1 —6;)6(r—L)/12, 0<r<oy;
(1.3¢)

The presence of the delta function in Mayer function in-
duces a delta function in the correlation function A;(r)
with a different coefficient A called the association param-
eter:

hy(ry=—14+AL(1 —6,)8(r—L)/12, 0<r<oy
(1.4)

The association number (), which is the average num-
ber of j ions around an / ion, is given by

=exp( —Bz,-zjez/er) —1, r>oy

L

+
(N =p; fo gi(nanrt dr=mhpL?/3 (i), (1.5)
where
gi(r)=hy(r) +1 (1.6)

is the radial distribution function. The density of 7,/ pairs is
then

Py=pANy) =pNy) (). (L.7)

Note that (¥;;) is just the degree of association a for a
symmetrical electrolyte. The equilibrium ratio X for the
association reaction 7 + j—Ij can be written as

K=py/(o¥p})
=pi<Nij)( [oi—pp) (pj—pi) ]
=mAL/[3(1 = (N)) (1 — (N1 (D), (1.8)

where p¥ is the equilibrium density of component i. There-
fore, once the sticky parameter A is known, the degree of
association (N,-j) and the association constant K can be
calculated. It is easily verified that Eqgs. (1.5) and (1.9)
reduce to the known results for symmetric sticky
electrolytes'™> and for sticky hard spheres® when the sizes
are equal. The sticking coeflicient { is related to the asso-
ciation parameter A by>"

A=Eyy(LE) (57, (1.9)
where the cavity function Yi(L,G) is defined by
gz’j(ryg):[]- +fz:f(r’§)]yij(r:§)' (1.10)

In our earlier work on this model for weak electrolytes
the degree of association @, which is related to the sticky
parameter A, was calculated using either the hypernetted
chain (HNC) approximation or the Percus-Yevick (PY)
approximation for the cavity function y;(L)at the bonding
distance L. While these liquid state approximations may be

in his study of the.
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suitable for adhesive interactions between the associating
species, doubts have arisen about whether they are directly
applicable to the cavity functions of the associating ions in
weak acids and other dimerization reactions where poly-
merization is precluded by steric or directional effects. Stell
and Zhou'® have suggested a simple interpolation formula
for the cavity function y,5(L), namely,

Yap(L) =3%6(L) (1 — a)?, (1.11)

where a is the degree of association and y?,B(L) is the
cavity function of the corresponding reference system in
which the interaction term [Eq. (1.2d)] in the Hamiltonian
leading to bonding has been deleted. It has been shown by
us® that there is extensive cancellation of the diagrams in
the density expansion of the cavity function when the dom-
inant bridge diagrams, (which are ignored in most liquid
state approximations) are included and when steric effects
limit association to dimerization. This analysis® also sug-
gests the approximation

yag(L)=y%p(L) — 1+ (1 - )2 (1.12)

Since there is no bonding term in the Hamiltonian of
the reference system, y%5(L) can be safely calculated with
one of the liquid state (HNC or PY) approximations. The
degree of association is then obtained as the solution to a
quadratic equation determined by y%z(L) and the associ-
ation constant at infinite dilution Ky = w&L%/3.

The method that we vse to solve the Ornstein-Zernike
equation (OZ) equation for adhesive electrolytes in the
MS approximation is similar to the one used by Blum'!"?
for the primitive model electrolyte and is an extension, to
unsymmetrical electrolytes, of Baxter’s Wiener—Hopf fac-
torization of the direct correlation function for hard
spheres of unequal size. Throughout this paper we will use
Blum’s notation as far as possible to facilitate comparison
with his results when the stickiness is turned off. Wei and
Blum'® have studied mixtures of ions and point dipoles in
which there is stickiness between all species which makes
the analysis, as far as it can be carried, far more compli-
cated than what we present here for a single unsymmetrical
weak electrolyte. Their discussion also does not include
calculations of the association parameter A and the corre-
lation functions. This paper is planned as follows: in Secs.
IT and III we discuss the solution in detail for unsymmet-
rical adhesive electrolytes in the mean spherical approxi-
mation. In Sec. IV we consider the equal size limit of our
solution that reduces to the analytic solutions for symmet-
rical sticky electrolytes. Section V is devoted to the ther-
modynamics of adhesive electrolytes.

1. THE METHOD OF SOLUTION

As stated in the Introduction we make use of Blum’s
extension!'? to electrolytes of the Baxter’s Wiener—Hopf
factorization of the direct correlation functions for mix-
tures [see Eq. (2.12)]. We will summarize the method and
important relations before discussing the solution for ad-
hesive electrolytes.

J. Chem. Phys., Vol. 94, No. 4, 15 February 1991

Downloaded 05 Jun 2004 to 130.111.64.68. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



J. Zhu and J. C. Rasaiah: Unsymmetrical electrolytes

The Orng

ine Ornst p; A

considered is

Ri(r) =cy(r) + Zppicn(r)xhir), (2.1)
where c;(7) is the direct correlation function and » repre-
sents a convolution. The closure equations are

(r)=—1+AL(1 —

hy 8;)8(r — L)/12

P vll,v

(0<rgo; »)
(2 2a)

()= hm Bz,zj(ez/er)exp(—-u]rl/r) (r>oy).
(2.2b)

The first relation is exact while the second applies only to
the mean spherical approximation. Except for a delta func-
tion at L < oy, the closure equations in the MSA are the
same when there is no stickiness (i.e., in the prlmltlve
model electrolyte). Therefore, the theoretical analyses of
the two should be similar.

Defining the Fourier transforms

Eij(k) = (Pipj)l/z f c;(r)exp(ik-r)dr

=4 (p; p;) VZf ¢;i (r)( )sm(kr)dr, (2.3a)
}?ij(k) =(p,.pj)1/2Jh,-j(r)exp(zk-r)dr
=dm(p,p) fo‘” hi(r) (I;)sin(’kr)dr, (2.3b)
the OZ equation (2.1) can be transformed into
8y=3ul8x + Hu(k) 18— Ci(i]. (2.4)

The direct correlation function is now split into two
parts, a short ranged part c,%( r) and a remainder equal to
the long ranged contribution with an exponential damping
factor containing the parameter p, which is introduced to
avoid the divergence of the integrals like (2.3). Thus

ei(r)=c)(r) — hn(l) Bz zi(e¥/eryexp( —p|r|/r)  (r
Jrn
> 0y)s (2.5)
where
cg-(r) =0 (r>ay). (2.6)
Taking the Fourier transform of (2.5) we have
C (k)= CH(k) — fim ay (B +pd) (r>op, (27

where C%(k) is defined in the same way as Eq. (2.3a) and
ay is given by

ay=4m(p; pp) "z zf3e*/e=a5(p:ip) %z 2 (2.8a)
with
os=4upe/e. (2.8b)

Substituting (2.7) into (2.4) leads to

which is the OZ equation for this problem in Fourier space.
Integrating Egs. (2.3a) and (2.3b) by parts, one finds

CH(k)=2(p;p)"* L (rycos(kr)Sy(rydr,  (2.10a)
H (k) =2(p;pp > J- . hy(r)ycos(kr)Jy(r)dr,  (2.10b)
where

syn=2r |7 & a, (2.11)

Jr=2m [ hyoredr

) J,
=Jy—2m frh,-,-(t)tdt, ' (2.11b)
0

and

J,,-:zqu.m hy(2)t dt. (2.11¢)

0

The derivatives of (2.11) give

T(ry= —2urhy(r); Sy(r)= —2mrey(r).  (2.11d)

The second factor in Eq. (2.9) is factorized by extending
the method introduced by Baxter to coulomb systems:! 112

85— CYk) + o/ (- + p) =240 4 (k) O — k),
: (2.12)

where the Q(k) functions are defined by

Qij(k) =6;— (p,—pjj 2 f:ﬁ Q,(r)exp(ikr)dr
ji

+ Apipp'? L exp[r( —p + k) 1dr,
7

(2.13)
in which A; is a constant that will be determined later and

Ai=(0;—0))/2, (2.14a)

o= (0;+ g))/2. (2.14b)

Substituting Eq. (2.12) into Eq. (9), one finds
Zlbu+ Hak) 1 Qu)=[QT(— k)15,

where Q7( — k) is the transpose of Qy; matrix. The in-
verse Fourier transform of Egs. (2.12) and (2.15) gives

(2.15)

T =0,r) — +zkpkf Tallr — 1) Q@y(0)dt

’
_Ekpk J‘,{ J,-k(|r——t])Akjdt, (2163.)
ke
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Si(ry=a;exp( —pur)/[2ulp; p;) 214 [Qy(r) —A4,10(r —Ap) + [Qu(r) — Az]0( —r— ;)

— Sk pilpip)? finf(o""’“" k)
iPj

sup(Agpr + Agj)

Oki
+ EkpkAjkf

sup(Agg 7+ Agp)

where 6 is a Heaviside step function, sup(x,y) means the
maximum number is to be chosen and inf(x,p) means the
minimum number is to be chosen between x and y. In
deriving (2.16a), the electroneutrality condition in the
form

Ekpkfw Ju () Ay di= — 4;/2, (2.172)
0

has been used. To derive this start by equating the charge
on ion / with the charge in its atmosphere:
_Zi=4772kzkpkf h,-k(t)tz dt. (2.17b)

0

An integration by parts of f§J;(#) dt and the use of Eq.

(2.18), which is derived below, leads to Eq. (2.17a). Tak~

ing the limit ©—0, we find from Eq. (2.16b)

ay=(pp) " 2y pr Aix Ay (2.17c)
Comparing this with Eq. (2.8), one sees that

Ax=z;a; (2.18)
where

3k Pr Ga=02. (2.19)

This implicitly defines a;. The relations (2.16) and (2.19)
are the same as the ones obtained for unsymmetrical elec-
trolytes in the absence of stickiness.!"'? In the MSA the Q
functions are zero just beyond the contact distance:

Q;(N=0 (r>of). (2.20)

We now study the case L = oy, which means the stickiness
occurs just short of the contact distance. In the SEM we
find from Eqs. (2.11b) and (2.2a) that

Jilo7 )=Jy(of ) + mAoj(1 — 8;)/6. (2.21)
But from Eqgs. (2.16a) and (2.20), it is seen that

Jlog ) —Jyof )=0ylo;7 ), (2.22)
which implies that

0oy ) =mhai(1 — 8;)/6=0}, (2.23)

where Qf; is a shorthand for Q;(oj; ) which is a constant.
From Eq. (2.11b) it is seen that

Ji(r)=0 (r<oy ), 4 (2.24a)
which, by using Eq. (2.16a), leads to
7 (r)=0 (r<oy ). (2.24b)

(Ol — r)di + Zupudc [

Qu(2)dt — 2y prd Ay expl — p(|r| + 24)1/2u,

j
On()dt
sup(/lkf, r A

(2.16b)

I

Integrating Eq. (2.24) with the boundary conditions
(2.20) and (2.23), one finds

Qr)=(r—opQy+ (r—op)*Q7/2+ @ (r<ay ).
: (2.25)

The problem now is to determine the coefficients in the Q
functions and the constants 4; which appear in the defini-
tions of the Fourier transforms of these functions [see Eq.
(2.13)]. Differentiating Eq. (2.16a) with respect to » when
r < o , we have

T,

2mr=QU(r) + 2wZy py J‘Aﬂc (r =) Qui(8)dt — Zy prf Ay
ik

7!

r
— 273 pi f (r—) Ay dt, (2.26)
ﬂ.jk

where Qf(r) is the derivative with respect to r and the
constant J; is defined by Eq. (2.11c). Differentiation again
of Eq. (2.26) with respect to r leads to

o
2r=05(r) + 273, pr Jl" 0, (O)dt — 273 i
ik

XKAyi(r — Ap)- (2.27)
Define
Ty
K= f Q (s, (2.28)
A
Bi=2kkakai. (229)

To solve Eqgs. (2.26) and (2.27), we need to fix » and we
choose » = 0/2. (Any other choice of r between 0 and
o0 is permissible, but it leads to solutions too complicated
to be easily manipulated). Substituting » = o0/2 into Eqgs.
(2.26) and (2.27) and making use of Egs. (2.18), (2.28),
and (2.29) gives us two relations:

7TO'10'j= — QU(A'JI) — aj O-i(-Bi -+ 1Tx2/4)
+ (70/6) 2 pr 0 Qi (M) + O

— (70/6)3 pi 0300 (2.30)
and
2= (6/09)Qy(A;) — (12/01)KY+ (6/07) O}
+ 273y py Koy — may x4, (2.31)

where we have used
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Q) = — 0y O+ (03/2)Q + O

(2.32)
and the definition
X;=2 Pi Zr O (2.33)

Multiplying (2.31) by 03/12, we get after rearrangement
703/6=(0/2)Qy(Ay) — Kij+ (107/6) 2y piKy
— 7a;%,03/12 + (01/2) 0}

Using Bq. (2.25) in Eq. (2.28) and combining this with
Eq. (2.33), we have

0= (2/0) @A) — (6/0D)K+ (4/0) (2:35)
Q= (6/0)0(Ap) — (12/6)Ky + (6/01)Qf  (2.36)

Therefore, once Q;;(1;) and K(,)j are known, Qf; and Qj can
be easily calculated.

Equations (2.30) and (2.34) generate two sets of lin-
ear equations for Q;(4;;) and Kj) which are

(1 —7p101/6) Q11 — (mp20105/6) Oy

= — 70} — a101(By + mxy/4) — (mpa0105/6) 2,
(2.37a)

(1 —7p101/6)Q12 — (mp20105/6) On

= — 70103 — ay01(B) + TX/4) + (1 —mp,03/6) QN
(2.37b)

( — 7p10204/6) Q1 + (1 — 7p303/6) Oy

= — 0103 — a10'2(B2 -+ ’1TX2/4) -+ (1 — 1Tp20'%/6)Q1
(2.37¢c)

( — 7p1020°/6) Qrz + (1 — mp305/6) Oy

= — 705 — a,05(B, + Txy/4) — (mp10,0%/6) 0,
(2.374)

and
(1— 7TP1‘7?/6)K?1 - (WPZ‘T%/QKgl

= — 703/6 + (01/2) Q4 — mx12,0/12, (2.382)
— (1p103/6)KY, + (1 — mp03/6)K3,

= — 103/6 + (02/2) @y — 1%12103/12 + (02/2) O,
(2.38b)

(1 — mpy03/6)KY, — (mpy01/6) K2,

= — 703/6 + (01/2)Qpy — T,@03/12 + (01/2) @
(2.38¢)

— (7p103/6)K3, + (1 — mpy03/6)K3,
= — 70%/6 + (02/2)Opp — Tx12,05/12, (2.38d)

where we have used 1 and 2 to represent the two compo-
nents explicitly and the fact that

Q%2=Q%1=QA=7T/10%2/6

as well as the short hand Gy = Q;(4;).

(2.39)

(2.34)

3145

The solution to the set of Egs. (2.37) is
0y(An) = — 7o 0/ A — a;o N+ (1— 8@ (2.40)

where

A=1— (7/6)Z proy (2.41)
and
Ny=B; + mxy/ (4A) + (7/6A)SipiBro,  (i=12).
(2.42a)

The above equation can be solved for B; when we find
Bj=N,;— mxy/4 — (0/6)Z10:N107,  (i=1,2).  (2:42b)

Substitution of Eq. (2.40) in Eq. (2.38) leads to the solu-
tion

KO=KY + K%, (2.43)
where K3 is given by

D — (m0%/28) [0)+ 0/3 + TEr0; 0/ 6A] — (4;01/2)

X [N+ (w0/6A) (x1 + Zx piVi0D) 1, (2.44)
in which £, is defined by i
E=34 PiO% (2.45)

The second term of (2.43), which depends explicitly on the
stickiness, has two expressions

K =(o/M) (1 —7p;0}/6)Q* (55, (2.46a)
Ko%= (mp;0;0,/6M) Q@+ (i£)). (2.46b)

Using these in Egs. (2.35) and (2.36), we have for the
coefficients in the Baxter Q-functions

Q= (2m/8) [0+ mE0; 0/ (44)]

+aj[N,"+ 1TO','P,,/(2A)] +A’] (247)
and
o= 20/ D) [1 + 7640/ (28) 1 + 7a; Po/A + (2/0) Ay
(2.48)
where the sticky contribution
Ay=(6/0) QM1 — 8) — (6/aKY} (2.49)
P, is defined by
P,=%; pior(z + Nior), (2.50)

and a; (or A,-j-/z,-) is defined by Eqgs. (2.18) and (2.17). To
determine a; we go back to Eq. (2.16a), set r = 0 multiply
by p;z; and sum over { on both sides to get

B;=3,;p;z; Qy(0) — (@/2)3p;i 2} + 21p:12: Bia; Ay
+3:p; B, Kiy (2.51)

Combining this with Egs. (2.43)—(2.51) we find, after
much algebra, that

with

(2.52)
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D=3 pilzi + Nyoy), (2.53)
Ty=T%+ (B, /z)KY, (2.54)
To=(1~8;)( — 1+ 30%/07)0"/2 + 3(0}

— oK/ (20}), (2.55)
=301z (2.56)

Note that when the stickiness is zero T T‘,}, and 7; are
zero. What has been done so far is to express the constants
0}, @7, and a; in terms of N, A, and 7;, the determination
of which is discussed in the next section.

Ill. THE DETERMINATION OF T, THE CONTACT
VALUE g(ojf) AND A.

The symmetry of the direct correlation function
¢;(r) and Sy(r) requires

- Qi(Ay) — Ay=0i(Ay) — A, 3.1

which can be seen from Eq. (2.16b). Substitution of Egs.
(2.40) and (2.18) in (3.1) produces another symmetric
- relation

alz;+ o; N)=az;+ o; N, (3.2)
which suggests the relation
(z; + o) /a;=D/(21), (3.3)

where D and N; are defined by Egs. (2.53) and (2.42a),
respectively, and I'" is a new constant. A similar scaling
assumption has been used earlier by Blum'"!? to solve the
primitive model electrolyte (charged hard spheres) in the
MSA; it is preserved here in the MSA solution of the SEM
because of the symmetry of the sticky interaction. It fol-
lows that

a;=(2T'/D)(z; 4 o:ilNy). (3.4)

Inserting this in Eq. (2.19) and making use of Eq. (2.53)
we get.

AT =Dad =33, piz; + Nop)*=al3;pz;%  (3.52)

with a modified valence z/ = z; + N;o; Comparing this
with « defined by '
= (4nBe/€) 3, p2r =3, pzs, (3.5b)

where 1/k is the Debye screening length: it is seen that
2T" — k as the density p; — 0. From Eqs. (3.52) and (2.52)
we have

—F(ZI+O‘,N,)=N1+7TO}P,I/(2A) — T (3.6)

or
Zj=z;+ N;0;={z;~— 707P,/(2A) + 07}/(1 + To;).
(3.7)

Also P, defined in Eq. (2.50) can be written as in terms of
[ and 7. To do this start with Eq. (3.7) multiply by p,0;
and sum over  which leads to another expression for P,:

P,=P+Q'3;p;07m(1+ Loy ~, (3.8)

J. Zhu and J. C. Rasaiah: Unsymmetrical electrolytes

where
A=07'%p;z0(1+Foy) ~', (3.9)
Q=14 (1/20)Zproi/ (1 + Tap) 1. (3.10)

Note that 7; is zero when there is no stickiness and the
expressions for I" and P, then reduce to Blum’s results for
unsymmetrical electrolytes. Substituting B; from Eq.
[2.42(b)] and T; from Eq. (2.54) into Eq. (2.56), we can
get a rather simple expression for 7

T=2v{(2;+ N/ oy=2v; 2} Joy;  (j0), (3.11)
with
vi=mhpjoy /12 (j5Ei). (3.12)

Combining Eqgs. (3.11) with (3.7) leads to the solution for
z} for a single electrolyte:

Zj=[(1 4 Coy) (2, — mo}P,/2A)

+ (2v,01/01,) (2, — wo3P,/2M) /1, (3.13a)
zy=[(1 + Coy) (2, — ma3P,/2A)
+ (2v102/01,) (2, — wotP,/2M) /1, (3.13b)
where
I=(1+4+Coy) (1 + o)) — 40107 vy/0%,.  (3.14)

Substituting Eq. (3.11) into P,, we get the final solution for
zi:

Zj={(1 + Loy} + 2v,001 /01,

+ mp1oinZ, /[AQo (1 + Do) 13/, (3.15a)
zy={(1+ TCay)z) + 2vlz?02/012
— TPoviZ,/ [AQa1, (1 + Tay) 13/Q, (3.15b)
where
Qo=II + (70705/AQ01,) 3, pvi(1 — &)
+ (2mo100vvy/AQGE,) Z i p03/(1 + Tay)  (3.16)
and
D=z, — 7F%/2A, (3.17)
2,=210% — 2,07, (3.18)

Equations (3.15) together with Eq. (3.52) give a self-
contained set of equations for the parameter I', which can
be solved by iteration once the sticky parameter A is
known. To determine A we need another closure equation,
which is discussed following the calculation of the contact
value of the correlation function.

This is obtained by differentiating Eq. (2.16a) with
respect to R and setting r = o

i ¢
— 2770,-}F h,-j(a,-;f)

= — Byt Sep [ Tllof - Qs

“EkPkJ; Jpllof —t])Aydt, (3.19)
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which can be rewritten as

|
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— o (Ap/6 + 0/8) Q11 + 2m0tv/ 0y — AoV /3,

where we have used Egs. (1.4), (2.11d), and (2.25). Sub-
stituting Eqgs. (2.47), (2.48) for Qj and Qjjand Egs. (2.52)
for aq; we find, after much algebra, that

gy(of ) =(0oy + w&y0,01/40)/(Aoy) — Da;a;/(4woy)

+ o), (3.21a)
where
ghilof )= — (1/(Ach)) S0t (i) (3.21b)
or
o )= — (1/(Ac)) S’
+ Ao/ (60y) (i) (3.21c)

arises from the adhesive interactions determined by A. It is
seen that g;(ojf ) = g;(ojf) as required by symmetry.
The first term in Eq. (3.21a) is a pure hard sphere contri-
bution while the second term Da; a;/2 is the electrical con-
tribution in the MSA to the distribution function at contact
which also depends on A. This term vanishes when the
charges are zero. Thus Eq. (3.21) also provides the distri-
bution functions at contact for adhesive nonelectrolytes
when there is adhesion only between different species.
When the stickiness is removed (v; = v; = 0) we get the
known contact value for an unsymmetrical electrolyte.'* It
is shown in Sec. IV that the earlier results for charged and
uncharged systems are recovered in the equal size limit.

To determine the sticky parameter A, make use of Eq.
(1.10) and the definition £ = 1/7, when we have

(3.22)

where stickiness is present only between oppositely
charged ions. Here, y;;(o(} ) can be determined by using
different approximations.> In the PY/MS and HNC/MS
approximations,

P12(012) =g12(075 ) —ena(oih) (PY_/MS)’

yalo) =explhp(od ) — cpplop)] (HNC/MS)’
(3.23b)

where we have used the subscripts 1, 2 to express the two
species explicitly and the correlation functions g,(o})
and ¢y2(o} ) are determined in the MS approximation. In
either case since I is a function 4, Bq. (3.22), with (3.23a)
or (3.23b), and Eq. (3.5a) have to be solved numerically
for A. Another way to determine A, which makes use of
liquid state approximations for the corresponding non-
sticky reference system [see Eq. (1.12)] is discussed by us

in Ref, 6.

AT=y13(012),

(3.23a)

(3.20)

In summary, the final solution of the unsymmetric
SEM in the MSA is obtained from the simultaneous solu-
tion of Eq. (3.5a) and Eq. (3.22) for I' and A, in which
z} are given in Egs. (3.15a) and (3.15b).

IV. THE EQUAL SIZE LIMIT

Before we continue with the study of the thermody-
namics of the adhesive electrolyte, we will check what hap-
pens when the ion sizes and valences are equal in magni-
tude. First recall for the totally symmetric electrolyte that

0;=0;=0, z;= — zj,p;=p; = p. Using these conditions,
we have
0;=0, A;=0, (4.1)
n=mpa>/6, x;=0, 4.2)
A=1-12ny, (4.3)
v=v;=v,=A1n/2. (4.4)
From Egs. (3.15), it also follows that
zi 4+ z3=0, (4.5)
which, together with Eq. (3.8), shows that
P,=0, N;+ N,=0. (4.6)

Substituting Egs. {4.1)—(4.6) into Eq. (3.13), we are led
to the simple expressions

zj=[z{1 +T0) + 2vz1/[(1 + To)> —4?]  (iz))
(4.7a)

or

N;o= —z]To(1 4+ o) + 2v — #21/[(1 + [o)?
— 4]

which, when substituted into Eq. (2.53), leads to

D=3 pi(ze + Nyoi)?=(1 + To + 2v) 23, pizs.  (4.8)

Also substituting Eq. (4.8) and (2.8b) in (3.5), we have

(4.7b)

2T0(1 4 Do + 2v) =00p[ =g pazz] V2 =ko, (4.9)
where « is the Debye screening length defined by
2= (4mBe*/€) 3 pizi- (4.10)

Equation (4.9) is a quadratic equation whose solution is

2lo= — (14 2v) + [(1 +2v)* +2k0]Y%,  (4.11)
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where the sign in front of the root is the one which gives
the known result in the MSA when the stickiness is turned
off (v=0). Combining Egs. (2.42b), (2.29), (1.1), and
(4.6), we have

Ni=B;=Z2yprzxJu= —p:z:Jp (i=1,2),
where we have used z; =
nition

Jp={J12 —J11)/2. (4.13)

The relation between Jp and I, from Eq. (4. 12) 4.7),
and (4.11), is

(4.12)

—2z, p: = p; + p;and the defi-

polp=(To +2v)/(1 + To+2v) (4.14)

Combining (4.9) and (4.14) produces a quadratic equa-
tion for p,oJp; the solution of which is

polp=1{(1+ ko + 2v) — [(1 + 2v)? + 2k0]"*} /K.
(4.15)

Except for a factor of 27 in the definition of Jj and a factor
of 2 in the definition of v, this is identical to the result given
earlier by Rasaiah and Lee® for an adhesive symmetrical
electrolyte.

It follows from Eq. .(3.21), that the distribution func-
tions at contact, for the equal ion size case, are given by

gioT) =1+ n)/0* — (zy/z)T?%/ (mp,o) — (2v/A)
+ Av8,/6, (4.16)

where we have used the fact that for the symmetrical case

a;D=2zT/(1 +To+2v) (4.17)
and
D=p,22(1 — p,aJp)> (4.18)

This result is also identical to the solution given earlier by
Rasaiah and Lee.?

V. THERMODYNAMICS OF THE MODEL ADHESIVE
ELECTROLYTE

We will now discuss the thermodynamics of the un-
symmetric adhesive electrolyte. The excess energy per unit
volume has the form

1 d exp| — Buy(r)]
m:—(—) ,Jpzpjf B

X [yy(r)darr dr]

1 +dexp[_ﬁuq(r)]

= — (2) IJplpjf dB

X Lyy(r) 4 dr]

1
+ ( ) ,Jp,p]f uy (1) g (r)4mr* dr

l'j
=B 4+ B, (5.1)

where u;(r) is defined in Eq. (1.2), E*% is the excess
energy of the charge interaction part given by
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. 2me? ®
B =(T)Eajpipjlizjfo_+ rgy(r)dr

5
217'32 a'.+
=E%C _ (T)Ei,jp,»pjz,-zjf 4 rgij(r)dr, (523.)
0
with
2me?
E‘__:( )z, PiP7Z; f re(Pdr, (5.2b)

and E°*? is the binding energy caused by the stickiness:

Eex,b_: _ (1)2 ; -.
2 l,jplp]
o dexpl — Buy(r)]
X fo‘j 7B / yii(r) dur* dr
(5.2¢)

Substituting Eqs. (1.2d) and (1.10) into Eq. {5.2b), we
have

= 277'5221'JP¢'P](1 - 8;’])
ot
X fo 7 exp[Bey(1 — 8;) 1y(r)P dr

= — 2,3, p; pi(1 — 8y) [ o oy i GV (of
= (62/2)21JPI<N11>(1 g), (5 3)

where we have used Egs. (1.3¢) and (1.5).-To derlve the
E™° we rewrite (5.2a2) in the more convenient form

)/12]

' e 21re? oF
B (‘g)ziPiZiBt-' (_e“)ziJPinZiZj J; T rgy(r)dr
&2 & '
= (;)zipizz N;— (Ee’a;) 2P 2 2K Ny (1 — 8y).
: (5.4)
From Eq. (3.6), we have

Ni= — [I'z; + woP,/(2A) — 1;]1/(1 4 Toy).

Substituting Eq. (5.5) into Eq. (5.4), we have
E*°= — (e¥/€)3,;p;z; (1 + Toy) [Tz, + wo; P,/2A

~ 1) — (€/(2€0)) 3 pi 2:2{Nyp) (1 — 8).

(5.5)

. (5.6)
Finally, we have ’
E*= — 3,;p{Ny) (1 — 8;) [z, 2/ (2€0y)
+ €,/2] + E*F, (5.7a)
with
E*= — (e2/€)2,p;2{1 + Toy) ~ [Tz
+ 7o; P,/ (2A) — 1. (5.7v)

It is seen from Eq. (5.7) that Blum’s resulit for the primi-
tive model electrolyte is recovered when the stickiness is
taken away. '

As discussed in many places,?'"6 the change in Helm--
holtz free-energy caused by turning on the stickiness is
given by
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AAS/ (NkpT) = [A™(SEM) — A%0(PM) 1/ (Nk3T)
”Tplpzo'%z ,
:_(T)f (€)dE

4
=—( “;‘ “)[l—mynu)]

t

TP1P207\ (A N ae
— ( 3, ) fo In i (A)dA,

(5.8)

where A° (PM) is the excess Helmholtz free-energy of
the corresponding charged system without stickiness
which is the primitive model (PM) electrolyte. Here,
y12(A) can be found either from PY/MS or HNC/MS
approximation or from our approximation.® In HNC/MS
approximation [see Eq. (3.23b)], we find using Eqgs.
(3.21), (2.5), and (2.6) that

4p1'V2 ( 1 Daﬂj
ex,st —_—
A4S/ Nk T = ( . )‘;+2 N U%ZEkvkoi-{- pr—

t

0%, A
+31_PLLZJ [D(A)ay(A)ay (A)dA,
12p, Jo
(5.9)

while in the PY/MS approximation, no simple expression
is obtained for Eq. (5.8). The total excess Helmholtz free-
energy can now be expressed as

AA/(NkpT) = [ A4 (PM) + AA™*]/(NkgT),

. , (5.10)
where A4°° (PM) is known analytically in the mean
spherical approximation and is given by'!

A4S (PM)/(NkpT) = (4 -~ 4")/(NkpT)

— E*/(NkgT) + T/ (3mp,)
(5.11)

and E0 and I'° are the energy and shielding parameter for
the primitive model electrolyte.!!

When the charges are turned off, the MS approxima-
tion becomes identical to the PY approximation and we
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can determine the excess free-energy difference between

sticky nonelectrolytes (sn) and hard spheres (hs) analyt-

ically in the two approximations that have been considered!

From Eq. (5.9) we have in the HNC/PY approximation
4p1v2

Agxsn 1
= - >3
NiaT o L+ 2% 7 ioet (HNC/PY)
(5.12)

and from Eqgs. (3.23) and (5.8) we find that in the PY
approximation

Aex,hs

Aexsn _ gex.hs mWP1P20%2 m— ni
N e B BV, (513)
where m = (1/(opA))[on + wE0001/(4A)] and n

= (moyp/(12A)) 2 prot When the sizes are the same, the

_ corresponding results for sticky nonelectrolytes are recov-

ered.® The osmotic coefficient and activity coefficient can
now be obtained in the usual way by differentiation with
respect to the electrolyte concentration. 25
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