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ABSTRACT: We describe a model of nanocluster formation that
incorporates competition between ligand adsorption and nanocluster growth.
Growth occurs through the addition of a metal−ligand complex and
coalescence of nanoclusters. The competition between ligands for binding
sites on the nanoclusters and growth of the nanoclusters through coalescence
creates interesting growth pathways. The patterns are reminiscent of those
observed in the synthesis of gold thiolate nanoclusters. For a particular set of
rate coefficients, described herein, we observe the formation of a kinetically
stable nanocluster that participates in coalescent growth. This determines the
size interval of the resulting nanoclusters in the size distribution. The
kinetically stable cluster can be tuned by modifying the functional form of the
number of surface sites on the nanoclusters, thereby changing the growth pathway and the final sizes of the clusters.

1. INTRODUCTION

Nanoclusters (NCs), defined as clusters of metal atoms less
than 2 nm in diameter,1 contain unique properties with
applications in catalysis,2−6 bioimaging and sensing,7−10 and
medical therapies.11 The small sizes of NCs present many
synthetic challenges.1 The primary challenge is NCs are
metastable since thermodynamic stability increases with
particle size.12 Therefore, successful synthesis of NCs requires
precise control over experimental conditions, often utilizing
ligands to trap NCs in a metastable state,6 sometimes referred
to as colloidal stability.13

Synthesis of NCs generally proceeds through two routes:
“bottom-up” and “top-down.” In the bottom-up approach,
metal ions are reduced to zero or monovalent metal atoms,
often in aqueous solution in the presence of ligands, which
then proceed to grow and form NCs and nanoparticles. Using
this approach, atomically precise NCs have been synthesized
with thiolate-protected gold and silver nanoclusters serving as
model systems.1−3,6,14 For example, a typical synthesis
procedure for gold NCs consists of the following: (1) mixing
of Au(III) salt (e.g., AuCl4

−) with thiol ligands (H-SR)
followed by partial reduction to form polymeric complexes of
Au(I)-thiol and (2) addition of NaBH4 to reduce Au(I) to
Au(0). In both steps, the reagent mixed with Au is in excess.
The thiol-to-gold ratio is typically 3:1 or greater, and the
NaBH4/Au mole ratio is often 10:1 or more. Under these
conditions, and with other synthetic procedures, NCs such as
Au15(SG)13, Au18(SG)14, and Au25(SG)18 have been synthe-
sized and studied.3,14 Despite the remarkable progress in
synthesis methodologies and analytical techniques, many
questions remain about the formation process and chemistry
of thiolate-protected NCs. What is the role of ligands in
preventing runaway NC growth? How does the surface

chemistry of the NC contribute to the stability of the NC?
Advances in microfluidic technology may help to answer some
of these questions.15

Theoretical models are also leading to an improved
understanding.16−20 Among the many approaches to modeling
nanoparticle formation, kinetic rate equations (KREs)16,18−21

have shown that size focusing is possible in a purely reaction-
limited regime.16 Further, KREs model the evolution of
nanoparticle nucleation and growth beginning at the formation
of zero-valent metal atoms (monomers) and have an advantage
in describing the early stages of NC formation. However, the
existing KRE models are limited for two reasons: (1)
assumptions from classical nucleation theory (CNT) are
incorporated16,20 and (2) a coalescent growth mechanism is
lacking.16,19−21

Experiments indicate that CNT fails to correctly describe
NC formation13,22,23 or at least requires modifications to do
so.24 In many experiments, the failure of CNT is demonstrated
by the observation of prenucleation clustersclusters
considered too small by CNT to be stable in solution.25 For
strongly associating systems (such as Ir, Au, Ag, etc.), it has
been argued that the concept of a critical nucleus from CNT
does not apply.13,18 Therefore, the assumption of a large
critical nucleus composed of tens of metal atoms in theoretical
models is questionable, especially since experiments indicate
that the critical nucleus is just one or two monomers in
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strongly associating systems.18,26,27 Coalescent growth is an
important growth mechanism for nanoparticles13,17,28−32 but
was not included in other ligand-mediated growth mod-
els,19−21 including our own.21

Here, we have developed a kinetic model of ligand-mediated
NC formation, building on previous studies20,21 by incorporat-
ing a coalescent growth pathway and excluding the assumption
of a critical nucleus from CNT. The model demonstrates time
evolution of a particulate size distribution of NCs where
growth proceeds in multiples of a kinetically stable cluster. The
size of the kinetically stable NCs can be tuned by modulating
the functional form of the number of surface sites as a function
of the size of the clusters. Thus, the growth pathway of the
NCs can be modified as desired by changing the expression for
the surface sites on the clusters. The model also demonstrates
how the sizes of NCs are sensitive to the competition between
ligand adsorption and monomer addition and coalescence. Our
results will be of interest to experimentalists synthesizing NCs
and researchers designing synthetic protocols.

2. METHODS
Our model is composed of the following elementary steps. A
monovalent metal atom is reduced with rate coefficient kp (eq
1a). In experiments, the reducing agent is often present in
excess; therefore, we model reduction as a first-order reaction.
After being reduced, the neutral metal atom can bind/unbind
with a ligand with rate coefficients kb/kub (eq 1b). A dimer can
form through the association of bare metal atoms (eq 1c) or
through metal atoms bound to a ligand (eqs 1d and 1e) to
form a cluster of metal atoms denoted by Ci, j = MiLj. We
denote the rate coefficient for dimer formation kn, and for
simplicity, we assume that each reaction in eqs 1c−1e occurs
with the same kn. Subsequently, cluster growth occurs through
the addition of a metal−ligand complex (eq 1f) or a bare metal
atom (eq 1g). Growth must compete with ligand association to
an NC with i metal atoms and j adsorbed ligands (eq 1h) for a
limited number of surface sites Ns(i) on the NCs. Finally, two
clusters containing i and k metal atoms and j and l ligands,
respectively, may coalesce to form a larger cluster composed of
i + k metal atoms and j + l ligands. We place additional
constraints on coalescent growth such that i + k must always be
less than imax (the maximum size of the NCs in the model) and
j + l must always be less than Ns(i + k) (the available number
of surface sites on a cluster with i + k metal atoms).
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The rate coefficients for growth kgi, j, ligand association kai, j,

and coalescence kci, j depend on the fraction of available surface
sites on a cluster with i metal atoms (eqs 2−4). In contrast, the
rate coefficients for dissociation kdi, j and ligand elimination kei, j
depend on the fraction of surface sites that are occupied by
ligands (eqs 5 and 6). To model the number of surface sites on
a cluster of size i, we use the expression Ns(i) = [2.08i2/3]
where the brackets round to the nearest integer. The factor
2.08 originates from a fit to experimental data on gold thiolate
NCs.33
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From the above reaction scheme, rate equations for each
species can be derived. Next, we provide the rate equation for
Ci, j (eq 7). The brackets indicate molarity and the factor 1/4
in the last term modeling coalescent growth avoids over-
counting the possible combinations of clusters. The equations
are solved using the differential equation package in Julia.34,35
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The indices w, x, y, and z in eq 7 are dummy indices. Table 1
provides a summary of the rate coefficients used in the model.
For all of the following results, we set imax = 68 and the rate
coefficients kub = 10−7 s−1 and kd = 10−9 s−1.

The full system of ordinary differential equations are
provided in the Supporting Information. The number of
ODEs neqns is approximately equal to neqns ≈ imax + ∑i

imaxNs(i).
If imax = 68 and Ns(i) = [2.08i(2/3)], then neqns ≈ 1500. In this
case, a single calculation takes approximately 5 h on a single
Intel Skylake processor. If imax = 500, then neqns ≈ 40,000. The
system becomes prohibitively large as imax increases. To solve
the equations, we used the radau solver from the Julia (v1.1.1)
differential equation package (v6.9.0) with the absolute and
relative tolerances set to 1.0 × 10−10. The package
ODEInterfaceDiffEq (v3.5.0) was used to interface to the
radau solver. The equations were solved for a time span of 1.0
× 106 s. Equations for [C̅2], [Ctot], Davg, and number density ρi
are provided below. The diameters of the NCs are calculated
according to a method developed elsewhere,20 where Di =
DM(i/0.45)

1/3 and DM is the diameter of a monomeric unit,
which we set to 0.25 nm. The code is available as a Julia
package at https://github.com/dsuvlu/NanoclusterModeler.jl.
Additional details about the methods can be found in the
Supporting Information.
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3. RESULTS AND DISCUSSION
Utilizing the model, we investigated ligand-mediated nano-
cluster formation and growth by systematically varying the rate
coefficients and initial concentrations of M+ and L. For the
following results, we set kp = 103 s−1 and kb = 105 M−1 s−1. This
was motivated by the observation that experiments demon-
strating synthesis of NCs are often conducted with a strong
reducing agent, such as NaBH4. Furthermore, the metal atoms
are often bound to one or more ligands before the addition of
the reducing agent to the solution. Therefore, our choices of kp
and kb ensure fast reduction kinetics and that most of the
growth will occur through the addition of a metal−ligand
complex to the NCs. Figure 1 outlines four scenarios of the
different growth pathways observed.
In scenario (I), the ligand elimination rate ke from the

surface of clusters Ci, j is larger than the ligand association rate

ka. In this case, there are few ligands on the surface of the NCs
to prevent growth and coalescence. Therefore, the clusters
grow to large sizes. In scenario (II), the ligand association rate
is about 3 orders of magnitude larger than the elimination rate
but approximately the same order of magnitude as the growth
rate. In this case, the ligands attach to the dimer faster than the
dimers can grow. Consequently, growth stops at the dimer. In
scenario (III), the ligand association rate is at least 3 orders of
magnitude larger than the elimination rate, but the growth rate
is at least 4 orders of magnitude larger than the ligand
association rate. As a result, the NCs grow until reaching a
kinetically stable size of C8,8. The size of this kinetically stable
cluster is dependent on the expression for the surface sites
Ns(i). In scenario (IV), the ligand association and elimination
rates are approximately equal; however, the growth and
coalescence rates are much greater than the ligand association
rate. In this case, the kinetically stable cluster forms during the
early stages of growth, and then coalescent growth proceeds in
multiples of the kinetically stable cluster. We expand on these
observations in the following discussion.
Figure 2 displays data for scenarios (I), (II), and (III). The

time evolution of [M], [L], [ML], [C̅2], [Ctot], and average
diameter Davg is displayed for ka = 103 M−1 s−1 and for different
ligand elimination ke and growth rates kg. The NC number
density is also plotted as a function of diameter in the
penultimate column. Figure 2c displays the number density for
scenario (I) where ka/ke < 1. The rate coefficients are such that
growth of the NCs is favorable, but the NCs do not have
ligands covering their surfaces to trap the NCs in a metastable
state and prevent growth. Therefore, as kg increases, the NCs
grow to large sizes. In contrast, Figure 2a displays the NC
number density as a function of diameter for scenarios (II) and
(III). In this case, ka/ke ≫ 1, and while kg/ka ≈ 1, growth
ceases at the dimer. However, as kg increases such that kg/ka ≫
1, growth proceeds to form the kinetically stable cluster C8,8
but ceases at this size. Furthermore, the formation of the
kinetically stable cluster is sensitive to the ligand elimination
rate. Figure 2b displays the NC number density as a function
of diameter for ke = 102 M−1 s−1. In this case, the ligand
elimination rate is large enough to allow NC growth beyond
the kinetically stable cluster.
Figures 3 and 4 compare the growth pathways of NCs

without (kc = 0) and with coalescence (kc = 103 M−1 s−1),
respectively, for a ligand association rate of ka = 10−3 M−1 s−1,
which is a factor of 106 smaller than the ligand association rate
in Figure 2. Without coalescent growth, and while ka/ke ≥ 1,
the NCs again form the kinetically stable C8,8 (Figure 3a,b).
However, since ka is much smaller in this case than that in
Figure 2, we do not observe stabilization of the dimer in
Figures 3 and 4. Comparing Figure 3b to Figure 4b, where the

Table 1. Summary of Model Parameters

reaction parameter

reduction kp
ligand binding/unbinding kb/kub
dimer formation kn
monomer growth/dissociation kg/kd
ligand association/elimination ka/ke
coalescent growth kc

Figure 1. Schematic illustrating some of the different growth
pathways observed with the model.
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latter incorporates coalescence with kc = 103 M−1 s−1, we
observe NC growth in factors of the kinetically stable cluster.
In this case, kc, kg ≫ ka and ka/ke ≈ 1, so that ligand
elimination occurs at a rate that allows slow coalescence of the

NCs. Under these conditions, the NCs display a particulate
size distribution with the spacing determined by the size of the
kinetically stable cluster. This is a demonstration of scenario
(IV), as discussed earlier. Movie S1 in the Supporting

Figure 2. Time evolution for growth with coalescence (kc = 103 M−1 s−1), a rapidly associating ligand (ka = 103 M−1 s−1), and increasing ke = (a)
10−3, (b) 102, and (c) 106 s−1. The number density of NCs as a function of diameter is taken from the last step of the calculation. The remaining
rate coefficients were set to kp = 103 s−1, kb = 105 M−1 s−1, and kn = 101 M−1 s−1. The initial concentrations were [M+] = 0.05 mM and [L] = 6.00
mM.

Figure 3. Time evolution for growth without coalescence (kc = 0), a slowly associating ligand (ka = 10−3 M−1 s−1), and increasing ke = (a) 10−6, (b)
10−3, and (c) 103 s−1. The number density of NCs as a function of diameter is taken from the last step of the calculation. The remaining rate
coefficients were set to kp = 103 s−1, kb = 105 M−1 s−1, and kn = 101 M−1 s−1. The initial concentrations were [M+] = 0.05 mM and [L] = 6.00 mM.

Figure 4. Time evolution for growth with coalescence (kc = 103 M−1 s−1), a slowly associating ligand (ka = 10−3 M−1 s−1), and increasing ke = (a)
10−6, (b) 10−3, and (c) 103 s−1. The number density of NCs as a function of diameter is taken from the last step of the calculation. The remaining
rate coefficients were set to kp = 103 s−1, kb = 105 M−1 s−1, and kn = 101 M−1 s−1. The initial concentrations were [M+] = 0.05 mM and [L] = 6.00
mM.
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Information demonstrates the time evolution of the number
density and adsorbed ligands for scenarios (I) and (IV). The
Supporting Information also contains an expanded collection
of results from which we extracted the scenarios discussed
here. For example, Figures S15−S18 and Movie S2 display data
where the concentration was scaled for different combinations
of ka and ke.
We also describe the time evolution of the NC size

distribution for the rate coefficients used in Figure 4b but with
different expressions for Ns(i). Figure 5 illustrates the time
evolution of the NC number density as a function of diameter
for different expressions of Ns(i). The size of the kinetically
stable cluster, as shown in the third plot of the number density
in the time evolution, changes from C10,10 to C4,4 as the scaling
factor in Ns(i) changes from the 2.20 to 1.70. This completely
changes the results in the size distribution of NCs after
coalescent growth is completed. Movie S3 in the Supporting
Information illustrates the time evolution of the data displayed
in Figure 5. Figure 6 demonstrates that each of the kinetically

stable clusters occur at i/Ns(i) = 1.0 for each expression of
Ns(i). This observation can be rationalized in the following
way. While i/Ns(i) < 1.0, the number of surface sites is greater
than the number of metal atoms in the cluster. Therefore, the
NCs with i/Ns(i) < 1.0 can readily accept a monomer of ML
and grow to larger sizes. However, when i/Ns(i) > 1.0, the NCs
must release a ligand from their surface for additional growth
to occur. If the ligand association/elimination kinetics prevent
ligand elimination in the short-term then nearly all of the
clusters will grow to form the kinetically stable cluster, as
illustrated in Figure 5. Coalescent growth will then proceed in
factors of the kinetically stable cluster but on a timescale
determined by the ligand association/elimination kinetics.

A strength of our model is its unique ability to produce the
interesting NC growth patterns observed in Figure 5. These
interesting growth pathways originate from competition
between NC growth through coalescence and the ligand
association/elimination kinetics. We believe that this feature
generally describes NC growth when the metal atoms are
attached to ligands prior to reduction. However, the interesting
growth pathways just described only occur for a particular set
of rate coefficients. The rate coefficients are such that
dimerization occurs relatively quickly, but not so quickly that
all the monomers are depleted from the solution. This allows
monomers to attach to the clusters so the clusters grow to
larger sizes, eventually forming the kinetically stable cluster.
Furthermore, the ligand association rate is sufficiently small
such that the ligands do not attach to the growing NCs and
prevent growth. These conditions allow the kinetically stable
cluster to form. Additionally, the ligand elimination rate is
sufficiently slow to allow coalescent growth to occur so that the
NCs grow in multiples of the kinetically stable cluster. While
this result is exciting because it demonstrates ligand-mediated
coalescent growth in a kinetic model for the first time, it also
reveals a deficiency in the model.
The model does not ascribe any thermodynamic stability to

the NCs except in the sense that the NCs prefer to grow to
larger sizes. Thermodynamic products could be incorporated
by making select combinations of metal atoms and ligands
particularly stable, for example, through the use of super-atom
theory.36,37 An aging process also may be necessary to produce
thermodynamic products, which could be done through the
incorporation of dis- and comproportionation in the model,
both of which have been shown to be important for NC
formation.14,38 We also do not describe further NC
interactions between charged species, which can be addressed,
for example, using DLVO theory.13 Additionally, the model
presented here does not explicitly account for the differing
chemistry of metal atoms on the surface of the nanoclusters
compared to the internal structure of the clusters. For example,
gold thiolate nanoclusters contain a Au(I)-thiolate motif on
the surface with Au(0) contained within the cluster. In the
model, the cluster geometry is incorporated implicitly through
the expression for the number of binding sites Ns, which
originates from a fit to experimental data on gold thiolate
clusters. Explicitly distinguishing between surface and internal
metal atom chemistry would likely alter the growth dynamics
of the model in interesting ways but is unlikely to change our
observation of the kinetically stable cluster. The size of the
kinetically stable cluster depends on the expression for the

Figure 5. Time evolution of the NC number density as a function of diameter for different Ns. The labels over the peaks indicate the number of
metal atoms in the clusters. Note the change in size of the kinetically stable cluster as the functional form of Ns changes.

Figure 6. Ratio of the number of metal atoms to the number of
surface sites i/Ns as a function of i. The stars indicate the location of
the kinetically stable cluster for different functional forms of Ns.
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number of binding sites on the nanoclusters, which would not
change if the model distinguished between surface and internal
metal atom chemistry. Lastly, the NCs in Figure 5 only cease
to grow because we do not allow coalescent growth beyond
imax, the maximum size NC included in the model. The NCs
continue to grow to larger sizes with an increase in imax. This
could be remedied by using a size-dependent ligand association
rate, such that the large NCs prefer to bind ligands more than
the small NCs. With this condition, coalescent growth would
eventually cease because the NC surfaces would become
saturated with ligands.
The growth patterns observed in our model are reminiscent

of growth patterns observed in gold thiolate systems33,39−41

and represent a new development in modeling the formation of
gold NCs. For example, Negishi et al.39 observed the formation
of Au10L10 where glutathione was the ligand in their system.
Similarly, we observe M10L10 as the kinetically stable cluster in
Figure 5 for Ns(i) = [2.20i2/3]. Zeng et al.40,42 also observed
Au10L10 as an important precursor in the formation of Au20L16,
Au28L20, Au36L24, Au44L28, and Au52L32 where the ligand was 4-
tert-butylbenzenethiol. Furthermore, Dass observed the cluster
spacing of Au4L4 in the MALDI mass spectra of gold thiolate
nanoclusters, suggesting that it was a kinetically stable
intermediate in that system.33 A scaling factor of 1.82 ± 0.33
resulted from a fit of Ns(i) to AuiLj. We observe M5L5 as the
kinetically stable cluster when Ns(i) = [1.82i2/3]. However,
when Ns(i) = [1.70i2/3], we observe M4L4 as the kinetically
stable cluster. The scaling factor of 1.70 is within the estimated
uncertainty of experimental data.33 With the improvements
suggested above, it may be possible to precisely reproduce
these experimental results. However, it is clear from this study
that any model attempting to describe nanocluster formation
must include coalescent growth and the effects of ligands in
preventing the growth process.

4. CONCLUSIONS

We have described a kinetic model of ligand-mediated
nanocluster formation. The model demonstrates the relative
importance of the single monomer (classical) and coalescent
growth pathways. Coalescent growth can occur in factors of a
kinetically stable cluster but this growth pathway is very
sensitive to ligand association/elimination kinetics to the
surface of the NCs. We also showed how the NC growth
pathway can be modified by changing the functional form of
the surface sites as a function of NC size. Specifically, we
observed kinetically stable cluster of sizes M10L10, M8L8, M5L5,
and M4L4 for scaling factors of 2.20, 2.08, 1.82, and 1.70,
respectively, in the expression for the number of binding sites
on the NCs. The latter cluster size of M4L4 has been observed
in the spacing of the MALDI mass spectra of gold thiolate
nanoclusters, suggesting that it was the kinetically stable cluster
in that system. Our results suggest that the final size
distribution of nanoclusters can be altered by changing the
number of binding sites on the surfaces of nanoclusters,
perhaps by altering the steric hindrance using more or less
bulky ligands. These results will be of interest to experimen-
talists synthesizing nanoclusters.
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